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Abstract 
A scaling analysis for the natural convection boundary layer adjacent to an inclined semi-infinite plate 
subject to a non-instantaneous heating in the form of an imposed wall temperature which increases 
linearly up to a prescribed steady value over a prescribed time is reported. The development of the 
boundary layer flow from start-up to a steady-state has been described based on scaling analyses and 
verified by numerical simulations. The analysis reveals that, if the period of temperature growth on the 
wall is sufficiently long, the boundary layer reaches a quasi-steady mode before the growth of the 
temperature is completed. In this mode the thermal boundary layer at first grows in thickness and then 
contracts with increasing time. However, if the imposed wall temperature growth period is sufficiently 
short, the boundary layer develops differently, but after the wall temperature growth is completed, the 
boundary layer develops as though the startup had been instantaneous. The steady state values of the 
boundary layer for both cases are ultimately the same.   
Key words: Natural convection; Ramp heating; Boundary layer; Unsteady flow; Prandtl number. 
 
Nomenclature 
A Slope of the plate  Greek symbols 
g  Acceleration due to gravity  
h Dimensional height of the plate  thermal expansion coefficient 
L Dimensional length of the plate T temperature difference between hot surface and 
the ambient 
l Dimensional length of the horizontal 
projection of the plate 
T Dimensional thickness of the thermal boundary 
layer 
Nu Nusselt number T0 Dimensional quasi-steady thickness of the 
thermal boundary layer 
Nu0 Nusselt number at quasi-steady time i0 Dimensional distance from the plate to the 
maximum velocity at quasi-steady time  
Nuh Nusselt number when ramp is 
finished 
v0 Dimensional thickness of the viscous boundary 
layer at the quasi-steady time 
Nuins Instantaneous Nusselt number Tp Dimensional thickness of the thermal boundary 
layer when the ramp is finished 
Nuinsh Instantaneous Nusselt number when 
ramp is finished 
i Dimensional distance from the plate to the 
maximum velocity  
p Non-dimensional pressure v Dimensional thickness of the viscous boundary 
layer 
P Dimensional pressure T* Non-dimensional thermal layer thickness 
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Pr Prandtl number v* Non-dimensional viscous layer thickness 
Ra Rayleigh number i* Non-dimensional distance from the plate to the 
maximum velocity 
T Dimensional fluid temperature T0* Non-dimensional quasi-steady thermal boundary 
layer thickness 
T0 Dimensional initial temperature  i0* Non-dimensional distance from the plate to the 
maximum velocity at quasi-steady time 
Tw Dimensional temperature on the plate v0* Non-dimensional viscous boundary layer 
thickness at quasi-steady time 
t Dimensional time Tp* Non-dimensional thermal layer thickness when 
ramp is finished 
tp Dimensional ramp time ip* Non-dimensional distance from the plate to the 
maximum velocity when ramp is finished 
t0 Dimensional quasi-steady time vp* Non-dimensional viscous boundary layer 
thickness when ramp is finished 
U0 Dimensional quasi-steady velocity 
scale 
 thermal diffusivity 
Ump Dimensional velocity scale when the 
ramp is finished 
 Density 
Um Dimensional maximum velocity  kinematic viscosity 
ump Non-dimensional velocity scale when 
ramp is finished 
 Non-dimensional temperature 
um Non-dimensional maximum velocity  Angle 
u0 Non-dimensional velocity scale at 
quasi-steady time 
 Non-dimensional time 
U, V Dimensional velocity components 0 Non-dimensional quasi-steady time 
u,v Non-dimensional velocity 
components 
p Non-dimensional ramp time 
X, Y Dimensional coordinates   
x,y Non-dimensional coordinates    
 
1. Introduction 
 
Natural convection and heat transfer from an inclined surface is one of the fundamental problems of heat 
and mass transfer with regards to its engineering applications [1-4]. The main interest of studying this 
geometry with sudden heating or cooling is to understand the development of the fluid flow which has 
direct application to the industry and also to see the insight of the boundary layer which develops adjacent 
to the inclined wall [5-9]. Most of the previous works have been conducted by either numerical 
simulations or experimental observations. Special attention has been given for heating plate with upward 
facing where the discussions are concentrated on the evolution of longitudinal vortices [4, 10-12]. 
However, theoretical studies, namely scaling analyses have not been taken into consideration to analyze 
the transient development of the boundary layer, which has a great fundamental interest and practical 
importance. On the other hand, very detailed scaling analysis has been carried out for the transient flow 
development in rectangular cavities with differentially heated sidewalls and vertical flat plate [13-15]. 
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Moreover, the theoretical analyses of triangular cavities with a sloping bottom wall have also been 
reported in the context of natural convection induced circulation in coastal waters [16-19].  
 The development of the fluid flow for the various stages as a results of imposed sudden heating 
on the vertical boundary has been described step by step by means of scaling arguments by [13]. The 
detailed description of the flow development in the various stages, including the start up of the boundary 
layer adjacent to the heated wall, the development of the upper intrusion layer and finally the approach to 
a steady state has been stated in their studies. However, most of the scales were not tested either 
numerically or experimentally. Those scaling laws are then modified for various boundary conditions and 
geometries by many researchers and were verified by comparisons with numerical simulation over a 
range of forcing parameters in a detailed way by [20-23] and also by [5-9].  
 From the above review it is revealed that most of the works have been conducted either sudden 
isothermal or heat flux heating or cooling boundary conditions on the wall. The linear variation of 
temperature for a period of time, which is more physical has been conducted by [6-9] for both heating and 
cooling condition and two different geometries; semi-infinite inclined flat plate and attic-shaped spaces 
for Pr < 1. It is noted that the numerical verification of the scaling laws derived by [13] are perfect for 
variation of Rayleigh numbers and aspect ratios. However, those scaling were not suitable for Pr 
variation. Therefore, a further modification is needed to show the Prandtl number variation for fluid flow 
and heat transfer. Recently a modification has been performed for both sudden [24-25] and ramp heating 
[14, 26] boundary conditions. The scaling related to the Prandtl number dependency has been verified by 
numerical results perfectly for a wide range of Pr values following Pr > 1.   
 In this study, a new scaling for the development of the boundary layers adjacent to the 
downward facing inclined heated flat plate is developed. The imposed temperature condition on the plate 
follows a ramp function where initially the temperature increases linearly with time over a specific period 
of time (ramp time) and then remain constant. The Prandtl number in this study is chosen greater than 
unity. A more detailed balances of the important terms of the NS and energy equations have been 
examined. The scaling laws for velocity, thermal and viscous layer thickness, heat transfer rate as a form 
of Nusselt number for different stages of boundary layer development have been achieved. The time 
scale, when the flow becomes quasi-steady has also been established. A series of numerical simulations 
has been performed for different flow parameters, Rayleigh number (Ra), Prandtl number (Pr) and slope 
of the plate (A). The numerical results agree very well with the scaling results for all parameters 
considered here. It is noted that there is no experimental data available for this kind of configuration to 
validate the numerical and analytical solutions obtained here. However, grid and time step dependence 
test has been conducted to test the accuracy of the numerical results.   
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2. Problem formulation  
 
Under consideration is the flow behaviour resulting from the heating of an initially motionless and 
isothermal Newtonian fluid with Pr > 1. The physical system sketched in Fig. 1 consists of an inclined 
flat plate of length, L. We extend both ends of the plate by a distance equal to its length and half length as 
shown and form a rectangular domain, which is filled with an initially stationary fluid at a temperature T0. 
If we consider the plate as the hypotenuse of a right angled triangle then the altitude is h, the length of the 
base is l and the angle that the plate makes with the base is . Except for the plate, L, all walls of the 
rectangular domain are assumed to be adiabatic, rigid and non-slip. A sudden heating temperature 
boundary condition has been applied on the plate which is then maintained. Note that the origin of the 
coordinate system is at the leading edge of the plate and the non-dimensional plate length is 1.  
 The development of natural convection adjacent to the inclined plate is governed by the following 
two-dimensional Navier–Stokes and energy equations with the Boussinesq approximation,  
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where U and V are the X-direction and Y-direction velocity components, t the time, P the pressure, g the 
acceleration due to gravity,  the angle of the inclination of the plate, T the temperature and ,  and  are 
the thermal expansion coefficient, kinematic viscosity and thermal diffusivity of the fluid at T0. All fluid 
properties are evaluated at the temperature T0  respectively. 
 Initially the fluid is motionless and isothermal at temperature T0. The initial condition of the 
velocity and temperature are 
  ,0,,,0 0  tYXTTVU  (5) 
and 
.00,0,0  tXYXVU          and      (6) 
The temperature condition on the plate is maintained a ramp function where initially the temperature is T0 
and then increases linearly to the final value T0 + T at time tp, where tp is the time duration of ramp 
heating. The ambient temperature is kept as T0. Thus 
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The development of natural convection in the cavity is determined by three governing parameters: the 
Rayleigh number (Ra), the Prandtl number (Pr) and the aspect ratio (A). They are defined as follows, 

 3Thg
Ra

 ,  


Pr ,  
l
h
A   . (8) 
where l is the length of the horizontal projection of the plate and h is an arbitrary length scale, which 
would normally be associated with the length of the plate. 
 
3. Overview of the transient flow 
 
The fluid near the plate starts moving as soon as the fluid receives heat from the heated plate due to 
natural convection. This movement of the fluid is parallel to the plate which can be seen in Fig. 2(a) 
where the vector field of velocity magnitude near the plate is plotted. Here it should be mentioned that the 
boundary layer is formed as essentially laminar. 
The velocity profile along a line perpendicular to the plate at mid point have been plotted in Fig. 
2(b) after initiation of heating for a typical case. It is seen from the profile that the velocity on the plate is 
zero. However, it increases and reaches its peak at approximately y = 0.04, a non-dimensional distance 
from the plate. The velocity then decreases again and essentially becomes zero after certain distance.  
The development of the thermal boundary layer flow depends on the comparison of the time at 
which the ramp heating finishes and the time at which the thermal boundary layer completes its growth 
(see Fig. 3). If the ramp time is long compared with the steady state time, the layer reaches a quasi-steady 
stage as it is seen in Fig. 3a. Further increase in the heat input simply accelerates the flow to maintain the 
proper thermal balance. The overall flow development for this case may be characterized as following: 
the early stage, the quasi-steady stage and the steady state stage which can be clearly identified in Fig. 3a. 
On the other hand, if the ramp is completed before the layer becomes steady; the subsequent growth is the 
same as the case of sudden heating. That means the boundary layer then grows as though the startup was 
instantaneous and eventually reaches a steady state, and thus there is no difference between the ramp and 
instantaneous start up cases (see Fig. 3b).  
In the following sections, the detailed scaling analyses of the flow development will be discussed.  
A grid and time step dependence test for numerical simulation will be described. To verify the scaling, a 
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set of numerical results have been obtained for various parameters (Rayleigh numbers, aspect ratio, and 
Prandtl number).  
 
4. Scaling Analysis 
 
When the ramp temperature is applied on the plate the temperature on the plate increases linearly this 
triggers the transient natural convection phenomenon. A thermal boundary layer is developed adjacent to 
the plate. The scaling relations derived here is the modification of the scaling developed by Saha et al. [6]. 
In the previous scaling the dependency of Pr on heat and fluid flow could not be treated adequately. 
However, the effects of other parameters e.g. Rayleigh number, aspect ratio on the boundary layer 
development was handled satisfactorily. To show the effect of the Prandtl number accurately it is 
necessary to examine the structure of the boundary layer in more detail. The parameters characterizing the 
boundary layer development are predominantly the thermal boundary-layer thickness T, the maximum 
velocity parallel to the plate um within the boundary layer, the time ts for the boundary layer to reach 
steady state, the Nusselt number along the plate. 
 
4.1 Growth of the thermal boundary layer 
The energy equation (3) indicates that since the fluid is initially quiescent the heating effect of the 
plate will first diffuse into the fluid layer through pure conduction, resulting in a thermal boundary layer 
of thickness T. Within the boundary layer, the dominant balance is between the unsteady and diffusion 
terms in the energy equation (3), that is,  
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which leads to a scale for the thickness of the thermal boundary layer  
.~ 2/12/1 tT   (10) 
This scaling is valid until the advection term becomes important. 
The unsteady inertia term, viscous term and the advection term of the x momentum equation (2) 
is O(Um/t), O(Um/T
2
) and O(Um
2
/L) respectively and the resulting buoyancy term is (gsinTt/tp), so 
long as t < tp. This buoyancy accelerates the heated fluid over the thickness T only. Over that scale, the 
ratio of the inertial and viscous terms in the x momentum equation is O(Umt/L). For sufficiently small 
time, this ratio is much smaller. Therefore the advection term is not significant at this stage. In addition, 
the ratio of the unsteady to viscous term is (Um/t)/(Um/T
2
)  T
2
/( t) ~ 1/Pr, where Pr = /. For Pr >> 
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1, the unsteady term is much smaller than the viscous term and the correct balance is between the 
viscosity and the buoyancy.  
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In both regions I and II in Fig. 4, the initial balance in the vertical momentum equation is between the 
buoyancy and viscous terms, so long as the scale of equation (10) holds. 
 The peak velocity Um occurs within the thermal boundary layer T at a distance i from the wall. 
Also, there will be a region of flow outside T where the flow is not directly forced by buoyancy, but is 
instead the result of diffusion of momentum via viscosity. This occurs up to a distance v from the wall. 
 In regions I and II, the balance is between viscosity and buoyancy. However, in region III the 
balance is between viscosity and inertia, since there is no buoyancy there. 
In region I, the balance (11) gives:  
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 In region II, the forcing is over distance (T - i), but the gradient of the velocity is over (v - i). 
Therefore, a suitable scaling analysis would be to integrate relation (11) over region II: 
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Matching this with eqn (13) obtained above for Um gives 
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 In the region III, as there is no buoyancy force, the flow is driven solely by diffusion of 
momentum, meaning that the unsteady term balances the viscous term 
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which is the scaling of v at the start-up stage. Hence scaling (20) becomes.. 
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which is the scaling for Um at the start-up stage. The flow in the period that the initial thermal balance is 
between conduction and unsteady temperature growth is then described by the length scales (10) and (21), 
and the velocity scale (25). The temperature is described by the scale O(Tt/tp), so long as t < tp. 
 
Quasi-steady state:  
The boundary layer flow is also convecting heat away, and the boundary layer growth will change 
character when the convection balances conduction, that is at time t0 when  
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Applying (25) the relation (27) becomes 
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which gives the following scaling for the time when the boundary layer enters into the quasi-steady mode 
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The corresponding scaling for the maximum velocity at t0 from equation (25) 
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and the scaling for the thermal boundary layer thickness at the same time from equation (10) is 
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The scaling for the thickness of the viscous layer from the plate to the position where the velocity is 
maximum at time t0 steady state inner viscous boundary layer thickness from equation (22) is 
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The whole viscous boundary layer thickness at the same time from equation (21) is 
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 On the other hand, if tp > t0 then the boundary layer will reach a quasi-steady state at t0 before the 
ramp is finished and for t0 < t < tp, the boundary layer will continue to develop, governed by a balance 
between convection and conduction. Thus, for t0 < t < tp,  
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where now T is no longer governed by (10). This gives 
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The same balances between buoyancy and viscosity still apply in regions I and II, so that equation (20) 
applies. Further, since the boundary layer is in a quasi-steady state, the balance in region III is between 
advection and diffusion of momentum, so that 
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and again i ~ T /(1+Pr
 -1/2
). 
Using this result the velocity given by the balance in region I is 
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Together with (37) a T scale may be obtained as  
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2/12/1
4/1 







 
t
t
A
A
Ra
h p
T  (40) 
and the corresponding scale of Um. 
 
.
Pr1
1
~
2/1
2/1
2/1








  p
m
t
t
h
Ra
U

 (41) 
 
Corresponding scales for the viscous boundary layer thickness v and the position of the velocity 
maximum i are readily obtained. It is seen from equations (40) and (41) that, in this quasi-steady stage of 
the boundary layer development, the velocity increases, but the boundary layer thickness decreases with 
time. At t ~ tp, the boundary layer becomes steady, with thickness Tp and velocity Ump given by 
    ,1Pr1~
2/1
4/12
22/1
4/1 A
A
Ra
h
Tp

   (42) 
and  
 
.
Pr1
1
~
2/1
2/1
h
Ra
Ump

 (43) 
 The above discussions can be summarised in the following way: if the boundary layer reaches to 
the quasi-steady mode before the ramp is finished then the development of the boundary layer follows 
equation (10) which accelerates according to equation (25) until time t0; it then interestingly contracts but 
accelerates further in a quasi steady mode until tp, following equations (40) and (41). When the ramp is 
finished the flow becomes completely steady and is described by equations (42) and (43). However, if the 
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steady state time is longer than the ramp time the boundary layer follows equations (10) and (25) until the 
end of the ramp. At tp, the flow and temperature fields are the same as for an instantaneous start up at the 
corresponding time, and any  further development beyond tp is identical to that for an instantaneous start 
up (see Saha et al. [6]). 
 
4.2 Heat transfer scaling 
Since initially the temperature on the inclined wall changes with time, the temperature difference 
between the wall and the interior is also changing with time up to the time when the ramp is finished. 
Therefore, the temperature difference is constant (maximum) after the ramp is finished. We may consider 
the maximum temperature difference or the transient temperature difference in the Nusselt number 
definition. Firstly, if we consider the temperature difference, T as the maximum then the local Nusselt 
number on the inclined surface during the boundary-layer development stage is 
.~~~
/
/
~
2/12/1 t
hh
T
hT
hT
yT
Nu
TT  




 (44) 
Using equation (31), the average quasi-steady state Nusselt number for the whole boundary layer is given 
by 
   
.
Pr11
~
3/12/16/12
3/1
6/16/1
6/13/1
0
 A
A
t
Rah
Nu
p
 (45) 
After the quasi-steady state time, the boundary layer does not grow as 1/2t1/2. It grows according to the 
scale (40). Therefore, the Nusselt number at the quasi-steady mode is 
   
.
1Pr1
~
4/1
4/122/12/1
2/14/1








  p
h
t
t
A
ARa
Nu  (46) 
However, if we consider the instantaneous temperature difference then the local Nusselt number 
on the inclined surface during the boundary-layer development stage is 
.~~~
/
/
~
2/1
2/1
ppTpT t
ht
t
ht
T
h
t
Tt
hT
yT
Nu
 




 (47) 
At the quasi-steady state time predicted by (31), the local average Nusselt number is  
    .Pr11~ 3/12/1
3/1
6/12
6/56/16/5
3/5


A
A
Rat
h
Nu
p
ins

 (48) 
Similarly to (40), we may derive the Nusselt number at the quasi-steady state mode as 
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 
.
1
~
4/5
4/12
4/12/1








 p
insh
t
t
A
RaA
Nu  (49) 
 
5. Normalization of the governing equations and the scaling: 
To verify the various scales, numerical solution of the full Navier-stokes equations and energy are 
obtained for a range of Ra, Pr and A values, and the results, scaled by non dimensionalised forms of the 
various scale values above, are shown to approximately collapse onto a single line.  
,0





yx
u v
 (50) 
,sinPr
Pr
2
2
2
2
2/1



























y
u
x
u
Rax
p
y
u
x
u
u
u
v  (51) 
,cosPr
Pr
2
2
2
2
2/1



























yxRay
p
y
u
x
u
vv
v
vv
 (52) 
,
1
2
2
2
2
2/1 





















yxRayx
u



v  (53) 
where x, y, u, v, , p and  are, respectively, the normalised forms of X, Y, U, V, T, P and t, which are 
made normalised by the following set of expressions, i.e., 
,,
/
,,,,
0
0
2 TT
TT
U
P
p
Uh
t
U
V
U
U
u
h
Y
y
h
X
x
wb
bbb






v
 (54) 
where Ub = Ra
1/2
/h
 
. The origin of the coordinate system located at the leading edge of the heated plate at 
x = 0, y = 0. The ramp temperature boundary condition on the slopping wall in  the non-dimensional form 
is  









p
pp




if
if  
if  
1
0/
;00
 
 The scaling relations those obtained above are made dimensionless as follows: 
At the early stage (t < t0) 
,~
4/1
2/1
*
Ra
T

  (55) 
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,
Pr
~
4/1
2/12/1
*
Ra
v

  (56) 
,
Pr1
1
~
4/1
2/1
2/1
*
Ra
i



 (57) 
   
,
Pr1
1
1
~
2
22/12/12
p
m
A
A
u



 
(58) 
 
At the quasi-steady state (t ~ t0) 
 
    ,Pr11~ 3/13/22/1
3/2
3/12
0 p
A
A
 

 (59) 
 
,
1
Pr1
11
~
3/1
3/2
2/13/1
6/12
0
pA
A
u










 
(60) 
    ,Pr11~ 3/12/1
3/1
6/12
12/1
6/1
*
0


A
A
Ra
p
T


 
(61) 
 
 
,
Pr1
11
~
3/22/13/1
6/12
12/1
6/1
*
0


A
A
Ra
p
i


 
(62) 
    ,Pr1Pr1~ 3/12/12/1
3/1
6/12
12/1
6/1
*
0


A
A
Ra
p
v


 
(63) 
   
,
Pr11
~
3/12/16/12
3/1
6/1
4/1
0
 A
ARa
Nu
p
 
(64) 
    ,Pr11~ 3/12/1
3/1
6/12
6/56/16/5
3/5


A
A
Rat
h
Nu
p
ins

 
(65) 
 
At the quasi-steady mode (t0 < t < tp) 
 
,
Pr1
1
~
2/1
2/1 







  p
mu


 (66) 
    ,1Pr11~
4/1
2/1
4/12
2/12/1
4/1
*








 



p
T
A
A
Ra
 (67) 
,
Pr1
~
2/1
*
*

T
i


 
(68) 
,Pr~ *2/1* Tv 
 
(69) 
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   
,
1Pr1
~
4/1
4/122/12/1
2/14/1








  p
h
A
ARa
Nu


 
(70) 
 
.
1
~
4/5
4/12
4/12/1








 p
insh
A
RaA
Nu


 (71) 
 
At the steady state mode (t ≥ tp) 
    ,1Pr11~
2/1
4/12
22/1
4/1
*
A
A
Ra
Tp

   (72) 
 
,
Pr1
1
~
2/1
mpu  (73) 
,
Pr1
~
2/1
*
*

Tp
ip


 
(74) 
,Pr~ *2/1* Tvp 
 
(75) 
   
,
1Pr1
~
4/122/12/1
2/14/1
A
ARa
Nuhp
   
(76) 
 
.
1
~
4/12
4/12/1
A
RaA
Nu insp

 (78) 
 
6. Numerical procedure 
 
Equations (1) - (4) are solved along with the initial and boundary conditions using the SIMPLE scheme. 
The Finite Volume scheme has been chosen to discretize the governing equations, with the QUICK 
scheme (see Leonard & Mokhtari [27]) approximating the advection term. The diffusion terms are 
discretized using central-differencing with second order accuracy. A second order implicit time-marching 
scheme has also been used for the unsteady term. Briefly, the domain has been divided into discrete 
control volumes using a computational grid to apply the control-volume-based technique. Then  the 
governing equations were integrated on the individual control volumes to construct algebraic equations 
for the discrete dependent variables such as velocities, pressure and temperature. Finally  the discretized 
equations were linearized and  the resultant linear equation system was solved  to yield updated values of 
the dependent variables. The momentum and continuity equations are solved sequentially, in which the 
continuity equation appears as an equation of pressure correction although pressure does not appear 
explicitly in the continuity equation for incompressible flows (i.e. the SIMPLE method). 
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6.1 Grid generation 
The resolution of the grid inside the computational domain plays an important role to minimize the error 
in CFD results. Therefore, it is practical to achieve the grid independent solutions using several tests on a 
computational mesh. The grid is highly concentrated near the wall to analyze the boundary layer 
interactions. The distribution of mesh tested is shown in Table 1. The grid distribution on the plate surface 
is uniform; however on the surface of the two extended ends of the plate an expansion factor has been 
used to form a non-uniform mesh. A non-uniform mesh has also been applied along the y-axis of the 
domain with finer mesh near the plate.  
 
6.2 Test results 
Grid and time step dependence tests have been conducted based on the numerical procedures described 
earlier for the highest Rayleigh number. It is expected that the mesh selected for the highest Rayleigh 
number will also be applicable for all lower Rayleigh numbers.  
The time histories of the calculated maximum velocity parallel to the inclined plate for three 
different meshes are plotted in Fig. 5. Since the inclined plate is hot relative to the ambient fluid, the flow 
is laminar and stable so long as Ra is not too large. As a consequence, a natural convection boundary 
layer develops adjacent to the hot inclined plate and continues to grow with increasing time. It is seen in 
this figure that all solutions indicate three stages of the flow development, an initial growth stage, a 
transitional stage and a steady-state stage. As it is seen during the development of the boundary layer, the 
early stage is dominated by conduction, the transition stage by an overshoot and the steady state stage by 
the balance of conduction and convection in the energy equation. It is also observed in Fig. 5 that in all 
stages of boundary layer development, the three solutions follow each other closely (except the solution 
with a coarse mesh 190100, which deviates slightly from the other two meshes).  
The maximum variation of the velocity between the coarsest (190100) and finest (380×200) 
meshes is approximately 1.6%, and the maximum variation among the finer meshes (285×150 and 
380×200) is only about 0.2%. Therefore, any of those meshes can be adopted for the simulations. 
However, a finer mesh of size 285×150 has been adopted with a time step of 1.0×10
-3
.    
 
7. Results and discussions 
 
In Table 2, Runs 1-5 with Pr = 5, 10, 20, 50 and 100 while keeping A = 0.5 and Ra = 10
7
 
unchanged have been carried out to show the dependence of the scaling relations on the Prandtl number, 
Pr; Runs 6-8 and 2 with Ra = 10
7
, 5×10
7
, 5×10
8
 and 10
8
 respectively while keeping Pr = 10 and A = 0.5 
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unchanged have been carried out to show the dependence on the Rayleigh number, Ra.  Runs 9-11 and 2 
with A = 1.0, 0.8, 0.3 and 0.5 respectively while keeping Pr = 10 and Ra = 10
8
 unchanged have been 
carried out to show the dependence of the slope of the inclination of the plate. It is found from the 
following verification that the proposed scaling works fine for Pr dependency of thermal layer thickness 
and the inner viscous layer thickness. However, for outer layer a further improvement of the scaling is 
needed.   
 In the following, velocity and temperature data are taken at x = 0.5, which is sufficiently far from 
the leading edge and the downstream end of the domain to avoid any end effects.  The time series of the 
maximum velocity parallel to the plate, um has also been recorded on the same line which has been used 
to verify the velocity scale relation. Fig.s. 6 and 7 of velocity profiles are plotted for  the first time period 
0 <  < 0. Two arbitrary times have been chosen to calculate the velocity profiles in this period for each 
of the 11 simulations. Fig. 6(a) shows a set of normalised raw velocity profiles, two from each of the 
simulated cases. To test scaling for the velocity maximum and its position, the velocity is scaled by the 
transient velocity scale A2/[(1+A2)1/2(1+Pr -1/2)2p] at the proper times, given by (58) and the distance is 
scaled by 1/2/[Ra1/4(1+Pr-1/2)], given by equation (57) in Fig. 6(b). The scaling appears working very well 
as all curves collapse onto a single curve up to the position where the velocity is maximum. Therefore, 
scaling relations (57) and (58) are verified by the simulation results. It is noted that any time selected 
from the range of this period would give the same results provided that the times are not very close to the 
quasi-steady time, 0. 
 Figure 7(a) shows the plot of the raw data of temperature profiles which have been calculated at 
the same times as in Fig. 6 in the same period 0 <  < 0. The dimensionless temperature is plotted against 
the dimensionless distance in this figure. It is seen that with increase of time the thermal boundary layer 
increases and the temperature on the plate also increases with time since the temperature is a linear 
function in this period. Now the raw data scaled by their respective scales and plotted in Fig. 7(b). The 
distance has been scaled by 1/2/Ra1/4 given by equation (55) at the proper times and the temperature on 
the plate has been kept as it is. All profiles now meet on the x-axis at one point (approximately yRa
1/4
/1/2 
= 3.0) which validates the thermal layer thickness scale (55) in this period.  
 The next stage of the flow development is in a quasi-steady mode in the time period 0 <  < p 
which is governed by the relations (66) - (71).  Fig.s. 8 and 9 represent the velocity and temperature 
profiles at two arbitrary times in this period as it is shown in  Fig.s. 6 and 7. Dimensionless unscaled data 
of velocity and temperature profiles are depicted in Fig.s 8(a) and 9(a) respectively.  As  seen in the 
scaling equation (67),  the thermal boundary layer shrinks with time while the temperature on the plate 
increases. In Fig. 8(b) the velocity is scaled by 1/2/[(1+Pr-1/2) p
1/2
] given by equation (66) and the 
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distance is scaled by T
*
/(1+Pr
-1/2
) given by equation (68) which is the distance between the plate and the 
position where the velocity is maximum. In Fig. 9(b), the distance is scaled by (1+Pr
-
1/2
)(1+A
2
)
1/4
(p
1/4
)/[Ra
1/4
A
1/21/4] given by equation (67). Once again, the velocity profiles fall onto a single 
curve up to the position where the velocity is maximum and hence the scaling relations (66) and (68) are 
verified. Moreover, all temperature profiles for different parameters meet at one point on the x-axis which 
confirms the scaling law (67) is satisfied.  
 For the time period  > p, the boundary layer becomes completely steady state. Fig.s. 10 and 11 
show the profiles of temperature and velocity for an arbitrarily selected time for  > p. Fig. 10(a) and 
12(a) show the dimensionless raw data of velocity and temperature profiles of eleven simulations for all 
the parameters considered here. The velocity is scaled by the steady state velocity scale, 1/(1+Pr
-1/2
) given 
by equation (73) and the corresponding distance is scaled by *Tp/(1+Pr
-1/2
) given by equation (74) and 
plotted in Fig. 10(b). In Fig. 11(b), the temperature is scaled by the maximum temperature difference and 
the length is scaled by the steady state thermal layer thickness, (1+Pr
-1/2
)(1+A
2
)
1/4
/[Ra
1/4
A
1/2
] given by 
equation (72). Once again, the steady state temperature, velocity and thickness scales are confirmed by 
the simulation results as all curves of temperature profiles collapse on a single curve and the velocity 
profiles also fall on a single curve up to the position where the velocity is maximum. 
 The time series of velocity and heat transfer as a form of Nusselt number are shown in Fig.s. 12, 
13 and 14 respectively. From this time series data the three stages of the flow development can be clearly 
identified, namely, the early stage, the quasi-steady stage and the steady-state stage. In Fig. 12(a), the time 
series of dimensionless maximum velocities um from all eleven simulations are presented. Fig.12(b) 
shows the velocity scaled by (1+A
2
)
1/6
/[A
1/3
(1+Pr
-1/2
)
2/3p
1/3
] plotted against the time scaled by 
(1+A
2
)
1/3
(1+Pr
-1/2
)
2/3p
1/3
/A
2/3
. It is seen that the location of the end of the first stage on this plot in each 
case coincides, confirming that the scaling for 0 is correct. Since the time series of the velocity varies 
with 2 and 1/2 for the first and second stage of the flow development respectively, two more figures 
could be shown with (/0)
2
 and (/0)
1/2
 variation where the first stage would show the linear dependence 
of (/0)
2
 and the second stage show the linear dependence of (/0)
1/2
. For brevity, those figures are not 
included here. Fig. 12(c) shows the velocity scaled by the steady state value 1/(1+Pr
-1/2
) given by equation 
(73), plotted against (/p)
1/2
. Once again the plots show a linear dependence on (/p)
1/2
 as expected 
during the second part of the development. Since the time is scaled by p the location of the start of the 
second stage at  ~ 0 will vary in this plot. However, all curves meet at  ~ p and coincide after this 
point. 
 Figures 13 and 14 give the time history of the Nusselt number calculated on the heated plate. The 
Nusselt number has been calculated in two different ways; one with reference to the maximum 
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temperature difference (see eqn 44) and the other with reference to the instantaneous temperature 
difference (see eqn 47). Fig. 13(a) shows the raw data of the time series of the Nusselt number which has 
been calculated using the maximum temperature difference for different Rayleigh numbers, Prandtl 
number and aspect ratios. It is found the Nusselt number depends strongly on Ra, Pr and A. In Fig. 13(b), 
the time has been scaled by (1+A
2
)
1/3
(1+Pr
-1/2
)
2/3p
1/3
/A
2/3
 given by equation (59) and Nusselt number has 
been scaled by Ra
1/4
A
1/3
/[p
1/6
(1+A
2
)
1/6
(1+Pr
-1/2
)
1/3
] given by equation (64). It is clear that all lines collapse 
together until the ramp is finished which validates the quasi-steady time (59) and Nusselt number (64) 
scales. 
In Fig. 14, the Nusselt number has been calculated using the instantaneous temperature 
difference. Raw data of the time series of the Nusselt number is plotted in Fig. 14(a). It is seen that 
initially the Nusselt number is zero which increases with time. Here again the three stages of the flow 
development can be seen. In Fig. 14(b), the time has been scaled as in Fig. 13(b) and the Nusselt number 
by (1+A
2
)
1/6
(1+Pr
-1/2
)
1/3
Ra
1/4
/[p
5/6
A
1/3
] given by equation (65). Again all lines lie together until the ramp is 
finished, which confirms the scaling relation (59) and (65). 
 
8. Conclusions 
 
Natural convection under a ramped heated downward facing inclined flat plate is examined by scaling 
analysis and verified by numerical simulations for various parameters considered here. The verification of 
the scaling relations includes thermal and viscous boundary-layer developments as well as the heat 
transfer rate predictions. The flow development adjacent to the plate for this boundary condition depends 
on the comparison of the time at which the ramp heating is completed with the time at which the 
boundary layer completes its growth. It is revealed that if the ramp time is longer than the steady state 
time, the thermal boundary layer reaches a quasi-steady mode in which the growth of the layer is 
governed by the thermal balance between convection and conduction. However, if the ramp is completed 
before the thermal boundary layer becomes steady; the subsequent growth is governed by the balance 
between buoyancy and inertia, same as for the case of instantaneous heating. Numerical results 
demonstrate that the scaling relations are able to accurately characterize the physical behaviour in each 
stage of the flow. The present scaling analysis incorporates a detailed balance in the momentum equation 
depending on the thickness of the boundary layer that improves scaling predictions especially where the 
Pr variation effect is taken into account. The scaling relations are formed based on the established 
characteristic flow parameters of the maximum velocity in the boundary layer (um), the time for the 
boundary layer to reach the quasi-steady mode (t0) and the thermal (δT) and viscous (δν) boundary layer 
thickness. Through comparisons of the scaling relations with the numerical simulations, it is found that 
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the scaling results agree well with the numerical simulations. It is also seen from the verification that the 
presented scaling works fine for Pr dependency of thermal layer thickness and the inner viscous layer 
thickness. However, for outer layer a further improvement of the scaling is needed which is now 
underway. 
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             Table 1 
  Grid parameter for A = 0.5 and 1.0. 
Mesh size 
Along x-axis Along y-axis Time 
step Left (EF) Plate(EF) Right(EF) GN EF 
190100 30(1.02) 100(1) 60(1.015) 100 1.02 0.02 
285150 45(1.02) 150(1) 90(1.015) 150 1.02 0.015 
380200 60(1.02) 200(1) 120(1.015) 200 1.02 0.01 
   Note: GN is Grid Number, EF is expansion factor. 
 
 
 
             Table 2 
             Values of Ra, Pr, A and p for 11 simulations run 
Run 
number 
Ra Pr A p 
1 10
8 
5 0.5 22.57 
2 10
8
 10 0.5 22.57 
3 10
8
 20 0.5 22.57 
4 10
8
 50 0.5 22.57 
5 10
8
 100 0.5 22.57 
6 10
7
 10 0.5 7.14 
7 5×10
7
 10 0.5 15.68 
8 5×10
8
 10 0.5 49.60 
9 10
8
 10 1.0 8.98 
10 10
8
 10 0.5 11.49 
11 10
7
 10 0.3 17.35 
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Figure Captions 
Fig. 1. Schematic of the computational domain and boundary conditions. 
Fig. 2 (a) Velocity vector and (b) velocity profile for Ra =10
7
 with Pr = 10 and A = 0.5. 
Fig. 3 Time series of the maximum velocity parallel to the plate through the line x = 0.5 for A = 0.5 and 
Pr = 10 (a) Ra = 10
8
 and (b) Ra = 10
6
. 
Fig. 4. A schematic of the temperature and velocity profiles normal to the inclined plate at its mid point.     
Fig. 5. Time series of the maximum velocity along the line x = 0.5 with Ra = 5.0108, Pr = 10 for A = 0.5 
Fig. 6. (a) The plot of the raw data of velocity profiles for two times for each of the 11 simulation cases 
for the case 0 <  < 0. (b) Scaled velocity profiles plotted against the distance scaled by the distance from 
the plate to the velocity maximum for each time. 
Fig. 7. (a) The unscaled temperature profiles for two times for each of the simulation cases. (b) Scaled 
temperature profiles plotted against scaled distance for the times in (a). The profiles are for the case 0 <  
< 0. 
Fig. 8. (a) The unscaled velocity profiles for the same two times for each of the simulation cases. (b) 
Scaled velocity profiles plotted against the position scaled by the location of the velocity maximum for 
the times in (a). The profiles are for the case 0 <  < p. 
Fig. 9. (a) the unscaled temperature profiles for two times for each of the simulation cases. (b) scaled 
temperature profiles plotted against scaled distance for the times in (a). the profiles are for the case 0 <  
< p. 
Fig. 10. (a) The unscaled velocity profiles at steady state for all of the simulation cases. (b) The velocity 
profiles at steady state scaled by the steady state maximum velocity plotted against the position scaled by 
the location of the velocity maximum, for all cases. 
Fig. 11. (a) The unscaled temperature profiles at steady state for all of the simulation cases. (b) The 
temperature profiles at steady state scaled by the final wall temperature plotted against position scaled by 
the steady state thermal boundary layer thickness, for all cases. 
Fig. 12. Time histories of the maximum velocity in the boundary layer at x = 0.5 for all simulations. (a) 
raw velocities. (b) velocities scaled by u0 plotted against /0. (c) velocities scaled by the steady state 
value 1/[1+Pr
 -1/2
] and plotted against (/p)
1/2 
Fig. 13. Time series of the average Nusselt number calculated on the heated plate at  > p: (a) Plot of raw 
data; (b) Normalized Nusselt number versus normalized time for 11 runs. 
Fig. 14. Time series of the average Nusselt number calculated on the heated plate at  > p: (a) Plot of raw 
data; (b) Normalized Nusselt number versus normalized time for 11 runs. 
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